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THEORETICAL STUDY OF THE TUNNEL-BOUNDARY LIFT
INTERFERENCE DUE TO SLOTTED WALLS IN THE
PRESENCE OF THE TRATLING-VORTEX
SYSTEM OF A LIFTING MODEL

By Clarence W. Matthews
SUMMARY

The equations presented in this paper give the interference on the
trailing-vortex system of & uniformly loasded finite-span wing in a
circular tunnel containing partly open and partly closed walls, with
special reference to symmetrical srrengements of the open and closed
portions. Methods are given for extending the equations to include
tunnel shapes other than circuler. The rectangular tumnel is used Lo
demonstrate these methods. The equations are also extended to non-
uniformly loaded wings.

An analysis of the equations for certain configurations has shown
that: (1) only a small percentage of slot opening is required to give
zero interference conditions if the tunnel contalns four or more slots;
(2) in the configurations studied, the ratio between the slotted-tunnel
interference and the closed-tunnel interference at the center of the
tunnel 1s spproximately constant for various model spans; and (3) tunnels
containing an odd number of slots or nonsymmetrical slot arrangements
cause an additional rolling moment or s cross flow on the wings, or both.

INTRODUCTION

In a study of solid-blockage interference (see ref. 1), it has been
shown that tunnels containing mixed boundaries, theat is, partly open and
partly closed walls, will eliminste or greatly reduce such interference.
Such tunnels have been shown to be very useful test equipment (ref. 2).
Since the slotted tunnel configuration required to eliminate solid
blockage may not eliminate 1ift interference, it is necessary to study

[ g~
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Sinece-tha-slotted -tunnek-configuration--required--to-etiminate-selid
bleckage-moy--not-eliminste-tiff.dinterference,. 1t is.necessary-to-study_
the interference on the trailing vortices of a lifting model in order

to make the necessary corrections to the 1ift characteristics of a model.

The problem of ome or two slots has been treated by various authors
(see refs. 3 to 6). The case of more than two slots has also been treated
in references T and 8. Reference T treate only smaell wings in circular
tunnels, and reference 8 treats only the case for large numbers of evenly
spaced slots.

The purpose of this report is to present equations which express
the tunnel-wall interference due to mixed open and closed boundaries in
the presence of the trailing-vortex system of a finite~span 1lifting model
at subsonic velocities. Speclal attention is given to test sectlons in
which the slots are symmetrically located with respect to both axes.

Various extensions of the theory have been made, following in a
general fashion the methods of reference 7. These extensions include
the effects of wing span, slot configurations, interference st points
near the center, nonuniform loading, and methods for calculating the
interference in tunnels of other then cilrcular cross section.

Numerical calculations of the interference characteristics of several
symmetrical cases are presented and are used to show the properties of
the interference of cireculsr tunnels containing 1, 2, 4, 8, and 12 slots
symmetrically located with respect to the x- and y-axes, and a sguare
tunnel containing 8 slots symmetricaelly located in the top and bottom
walls.

SYMBOLS
AnsBn
an,bn constants
onsPBn
b half-span of wing
c tunnel cross-sectional area
Cr, 11ft coefficient of model

c =% - UNCLASSIFIED
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Cp
aCp

R.P.

I.P.

(&3]

drag of model

drag increment due to interference

tangential line element

multiple-product index

quality factor, the ratic at any given point of the inter-
ference of a slotted tunnel to the interference of a
closed tunnel with the same cross section

half-span length of wing in {-plane

mmber of slots in tunnel

Mach nunber

summation indices

special number defined in equetion (2)

radial distance of point from coordinate center

real part of camplex functlon

imaginary part of camplex function

model or wing sarea

x-component of velocclty

y-component of velocity

veloclity vector

coordinstes of reétangular system (fig. 1)

complex varisble, x + iy

complex veloecity, u - 1iv

clrculation sbout a point, positive in counterclockwise
direction

function of 6, end b defined in equstion (32)

A
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3 proportionality factor (GI = B—SC-&() (see ref. 9)

€1 Interference correction angle to be added to measured
angle of attack

o strength of s source

t complex varisble In transformed plane

6 angular coordinate of polar system (fig. 1)

3 complex function of =z (z = eiﬁo

A paremeter defined in equation (105) (also see par. 1%.8,
ref. 10)

Q perturbation potential

%ﬁ derivative of potentisl in direction normsl to a given line

THEORY OF LIFT-VORTEX INTERFERENCE IN SLOTTED TUNNELS

Genersal Analysis

* Theoretical boundary condltions of £flow about trailing vortices 1n
a tumel containing mixed open and closed portions.- The equations for
the interference on the 1ift of a model due to mlxed open and closed
tunnel walls in the presence of a trailing-vortex system may be obtained
by consldering the sasme two-dimensional epproximation of the flow field
that 18 used In reference 9. The conditions of this two-dimensional
approxlimstion may be briefly stated as: (1) the tunmel and its boundaries
extend from a point an infinite distance upstreasm of the model to a polnt
an infinite dlistance downstream of the model; (2) the velocities induced
by the trailing vortices In the cross-sectional plane located at the model
are one-half of those induced in a far-downstresm cross-sectlonal plane;
(3) the induced-velocity flow field in the far-downstreem section msey be
treated with two-dimensional methods; (4) the boundary condition which
must be satisfied at a solid portion of a tunnel wall is that the flow
must be tangential to it, or

%ﬁ=o (1)
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(5) the condition which must be satisfied at an open portion of & tumnel
wall 1s that the potential over that portion must be constant or the flow
must be normal to it; (6) no singularities other than the trailing vortices
cen exist within the boundaries of the tumnel; and (7) the constant
potential In every slot must be equal to that in every other siot. The
final condition is required because the pressure is the same at every
slot and may be shown by the following considerstions. Since the pres-
sure 1s constant over the entire region outside the tunnel there will

be no pressure differences between the slots at a point far upstream,

and hence there can be no flow between the slots due to external influ-
ences. Alsc, since this point is too far from the model to be influ-
enced by 1t, there can be no flow due to the model. As there 1s no flow
between the slots, no potential gradient can exist between the slots;
therefore, the potentials in all the slots must be the same. It there-
fore follows by condition (5) that in the far-downstream position, the
constant potential in every slot 1s equal to that In every other slot.

Veloclity fields in cilrculer slotied tunnels.- The previously stated
boundary conditions may be satisfied by using complex velocity functions
rether than complex potential functions. This is done by selecting a
complex velocity function that has singulaerities st the wing tips and
has g Plow direction elther normal or tangentliel to the tumnel walls.

If this function is multiplied by another complex function whose value
on the tunnel wall changes from all real to all Imasginary, or the
opposite, at each slot edge, then the flow will be rotated 90° at those
points so that the f£inal flow of the product of the two functions will
be normal to the wall on selected portions end will be tangential to

the wall on the remaining portions. It may, however, be expected that
the second function will Introduce singularities within the tunnel which
are not permitted according to the stated boundary conditions, so that a
third function whick contains a1l the forbldder singularities must be
used 1n such a fashion that it willl cancel the forbldden singularities
of the second function.

In order to mske up the first function, suppose that the two singu-
larities at the wing tips with thelr reciprocal singularities are written

as 1/(;2 - bz)(l - zzbz), where z 1s the complex varisble =x + iy

and b 1s the semispan of the lifting wing. If this function 1s exemined
by letting =z = eie, where 6 1is a polar angle (fig. 1), it will be found
that the flow may be made normal to the wells if the factor =z 1s
included in the numerator. This flow may also be made tangential to the
wall by multiplying by the factor 1. Thus, the first function may be
written

Dz
(zz - bz)(l - zzbz) ()




6 o NACA RM L53A26

The symbol p may be chosen to be elther 1 or 41, depending on whether i
normsal or tangentisl flow is required at the walls.

The second functlon mey be developed by comnsidering the square root .
of a function which is real on the wall and changes sign at each slot edge
so that the square root of the function changes fram real to imaginary at

each slot edge. Such a function may be expressed by V;ot %-— cot %f
where 2z = ei13 and 3§ 1s in general complex. Examinstion of this func-

f e
tion shows that it becomes \fcot g - cot ?? on the tunnel wall, where

8g 1s the polar angle of a slot edge (see £ig. 1). The term under the
radical changes from positive to negative at 6 = 6g so that the func-
tion changes from resl to imaginary at the point eg on the tunnel wall.
If a number of these functions having different 6g's marking the transi-
tion fram open to closed sections of the tunnel wall are muitiplied

together, it may be seen that the product wlll chsnge sign at each value
of 8g 80 that the function will be real on alternste sections. This

use of cot % also suggests the use of other complex trigonometric func-

tions such as cos ¥, sin ¥, and tan %. The sine and cosine terms will,
on examination, be found to Introduce two slot edges for easch value of 8g> "

rather than one. These two slot edges will be found to be located symmet-
rically with respect to the x-axis for the cosine term and to the y-axis
for the sine term. Thus, the use of these functions 1s suggested for
symmetrical slot configurations.

Since any of these functions may introduce singularities within the
tunnel, 1t is necessary to examine them for such singularities. The four
functions may be written as the followlng multiple products,

q
1 l Jcos § - cos Og = ngs § ~ cos 81 Jcos 9 -cos 85 . . . qcos d - cos bg
g=.
(3)
q
l;% {sin § - sin 6g (%) ,
qQ
e
T1 Jcot 3. cot £ (5)
g=1 2 2 .
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-l

and

g 2
I | tan -‘% - tan ?g_ (6)
g=1

When =z = e:L13 is substituted for &, the above equations become,

respectively,

]
z—q/ZZ-q/Z I__T_ {;2 + 1 - 2z cos 6g (7)
g=l
q
-a/2_-q/2,-9/2 2 .
2 i z° - 1 - 2iz sin 6 (8)
o2 T g
(z - 1)"V2 ]_'qI {1z + 1) - (z - 1)eot %e (9)
q
(z + 1)"1/21'Q/2 ]__I \ﬁz - 1) - i(z + 1l)tan e_g (10)
g=1 2

Examinstion of the functions (7) to (10) shows that they contain
forbidden singularities at the following values of z: +the cosine and
sine terms at =z = O, the cotangent term at z = 1, and the tangent
term et z = -1. Several functions which contain singularities identical
to those sppearing in functions (7) to (10) and which are real on the
tunnel are

q/2

2; (an cos nd + bp sin ng) (1)
n
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which has a singularity at z = 0;

a/2
> (on + 1Bn)cot?(3) (12)

n=0

which has a singularity at =z = 1; and

2
;é (an + 1Bn)ten’(3) (23)

which has a singulaerity at z = -1; where &an, an, bp, and B, are
real constants. It may be seen now that by dividing the trigonometric
series by the multiple product which contalns the same singularities,
the forbidden singularities will be canceled ocut of the final equstion,
leaving an equation which has only the desired singularities within the
tunnel.

The reason that the multiple product is chosen for the denomlnstor
mey be seen by examining the flow gbout the slot edges. Since the flow
must turn a sharp corner as 1t goes around the edge of each slot, the
velocity must be infinite at that point. Since the multiple-product
function becomes equal to zero at each slot edge, it must be placed in
the dencminastor of the final complex veloclty function to insure the
required infinite velocities.

Before writing the final complex velocity function, it 1s observed
that function (2) has a zero at the point =z = O which must also be
removed by either including an extra term in summstion (11) or by
multiplying summstion (12) or (13) by &1 cos 9 + by sin 9. With this

note in mind, the finel complex velocity functlons may be written:

%-+l
Pz Ez:_ (8n cos nd + bp sin nd)
aw n=0
= = (1)
dz a4
(z2 - bz)(l - zzbz).IjI Vcos 4 - cos eg
g:
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-%+l
Pz Z (8n cos nd + bp sin n3)
dw n=0
T = 3 (15)
(22 - v2)(1 - 2262) ] fein 9 - sin g
g=1
a/2
pz(ay cos § + by sin 3) H (on + ipn)cot -‘1)
dz a ) (26)
(2.2 - bz)(l - zz'bz) ]_—I Vcot S _ cot £
) 2 2

and an equation similar to (16), using ta.ng- rather than cot %.
In the epplication of these equations, it may be cbserved that each
value of 6g Iintroduces two slot edges into each of equations (1k)
and (15) and only a single slot edge into equation (16). Since each
panel has two edges, q must be equal toc the number of penels m in
equations (14) and (15) and to twice the number of panels, or 2m, in
equation (16). Also, if equation (14) or (15) is applied to tunnels
containing an odd number of slots, it will be found that the singuwlarity
arising from the multiplie product will conteln a term of the order l/ 2,
which canmnot be removed by the summaetion. TIn order to remove this singu-
larity, the summation of equation (14) or (15) must be rewritten as

mel
ni_o(ancosanz—*'lﬂ +bnsinal;é-"-—l-ﬂ) (17)

This serlies will, upon examination, be found to contaln & singularity of
the order 1/2, which will cancel the one-half-power term due to the exten-
sion of the multiple product over an odd number of slots.

In order to make the final application of equations (14), (15),
or (16) to a wind tunnel, the arbitrary constants of the summations must
be evaluasted. Thls evaluatlion can be effected by using the remaining
boundary conditions, which are that the potentials in each slot must be
equal to each other and that only a vortex flow can exist about the
singularities within the tunnel.
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The potential condition may be evaluated by the followlng line
integral:

(*2,72) V-as (18
"/(\leYl) Ry q)(xz’yZ) B cp(xl’Yl) =0 18)

in which the limits of integration terminste in the slot. One path which
may be used 1s the streamline which flows along the panel. When this
streamline is used as the path of integration, equation (18) becomes

On+1
N Vdo =g 1 - =0 (19)

as the potentisl 1s the same over gll slotas. Since the veloelty V will
in general be complex, two equations exist for each panel.

The strengths of the circulation ebout a pole and of the source at
8 pole are fixed by the relation,

I‘+ic=j§g+wd.z (20)
dz

where I' 1s the circulation due to 1ift and o 1is the source strength
and is egual to zero. Since equation (20) must be evaluated about each
pole, it glves four equetions which may be used to evaluate the constants.

The set of boundary equations (19) and (20) msy be considered as
e set of simultaneous equations iIn the unknown constants found in equa-
tion (1k4), (15), or (16) and is used to determine the values of these
constants. If these constants are to be uniquely determined, there must
be es many equations as there are constants. An examinstion of equa-
tions (19) and (20) shows that equation (19) gives 2m equations and
thet equation (20) gives four equations, making a total of 2m + 4
equatlions which may be used to determine the unknown constants. The
number of constants which must be satisflied is determined from an exami-
nation of equation (16). It is shown in the paragraph following equa-
tion (16) that q must equal 2m, so that the number of constants must
equel 2m + 4; hence the number of equations and the number of constants
are equsal, so that =211 the constants may be uniquely determined, thus
glving the problem a unique solution.
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Derivation of Equations

Slots symmetrically located with respect to the x~- and y-axes.-
In the case of symmetry about the x- and y-axes, considersble simplifica-
tion results. The simpler equation (14) may be used in place of egua-
tion (16). In equation (14), it may be observed that each velue of g
in the multiple products can be used to produce four changes of sign,
provided these products are written as

m/2
11 \/coszﬁ - coszeg (21)
g=1
m/2
T T ysins - sino, (22)
g=1

These changes of sign are observed at Og, -Og, w -~ 6g, and x + g
or one in each quadrant. Hence, 1f the values of 6g are known in one

of the quadrants, the multiple product need be extended only over that
quedrant, as &ll the other slots wlll be sutomatically introduced. If
the slots are evenly spaced snd of equal width, function (21) or (22)
can be replaced by

\/c052

=

That (23a) or (23b) produces slots 1n the desired location may be seen
by substituting

9 - cos

M|

2 20 (238)

or

ol B

m

_2m , _ _
S Te=e®
on the tumnel wall and
_ 2w
T

wvhere m is the number of slots in the tummnel and n 1is any integer.
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Taking this modification into consideretion, equation (14) may be

written with the substitutlion of z = e¥® as

iB

+1 o o
n n
oz ( z ; 1 - ib, z - l)
v _ n=0 22 227 (24)
dz , 2)( 21 m/2 V”
72
(z - b b - 22 cos 29 + 1
T
which may be reduced to
—~+l m n
=- 1 -n+l
22 PE az. (zzn+l) -i'bnz (Zn_ ﬂ
dw _
o= (25)

m/2
(z2 - bz)(l - zzbz) IﬁI V;h - 2z2cos zeg + 1
g=1

where the factor p 1s equal to 1 1f slots intersect the x-axis and is
equal to 1 i1f panels intersect the x-axis, If the slols are evenly
spaced, and of equal width, the function

ngm ~ 2z%cos mg; + 1

may be substituted for the multiple product in equation (24) or (25).

The constants of equation (25) must be evaluated by using the bound-
ary condition for the equality of the potential in each slot, equa-
tion (19), and for the circulation end nonexistence of sources, equa-
tion (20). Equation (20) is evalusted by applying Cauchy's integral
theorem to equation (25) to obtain the required line integral of daw/dz,
or

m
E_l§+ L m_
2ripal E:% Ig;bz n+ (bzn ) - 1b,bR n+l(b2n _ lé]
T+ ig = o= (26)
2b(1 - b4) I'I Vo - 2peos 26, + 1
g=1



for the velue of the line integral sbout the pesitive pole b, and
ul
" =+1 m n
z-1 7 -Dtl 5 -0+l
w3 ol o D - o o - 1)
-~ 10 = I (27)

2
-Zb(l - bl’) [_‘[[:[ ¢‘bl* - 2bPcos 20g + 1

g=1

for the value of the line inmtegral sbout the negative pole -b. The circulation (eq. 20) is
determined by setting I' equal to the resl parts of equations (26) and (27) while the non-
existence of sources is assured by setting the imaginary parts of equations (26) and (27) equal

to zero. The condition on the potential, equation (19), is satisfied by letting z = el® in
equation (1%), thus obtaining the velocity along the penel streamline, which is a convenient
streamline to use for the evaluation of equation (19). Thus, equation (19) becomes

]-,.}+l
; (ep cos né - iby sin né)dg
n=

(28)
2 W ¥E —
(l - 2b"coa 26 + b ) \’cos 8 - ::c;szeg
g

panel

where the symbol L indicates integration over a panel. Beparate equations are then
anel

obtained, one for each panel. The constants 8, and by may now be evaluated by coneldering
equetions (26), (27), and (28) as a set of similteneous equations in an snd by,

9ZVEST W VOVHE

ET
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In solving equations (26) to (28) for a, and b,, it is observed
that for each an:

1,_ m/2 .
bJ___l" l-b J - szcos 2eg + 1 (29)

m_ —l
n22 to8

with a corresponding relation between b,y and a new constant 8. With

the substitution of these new constants o, and p,, equation (25) may
be written

m/2
por(1 - b*) H\ﬁol‘ - 2bcos 26, + 1 B+l

aw m - n+1 2n )
d—z-= Z anz. (Z + 1) -

:t(zz )(l - Zsz T_IJZM- - 2z2cos 26 + 1 .

m_
:i.ﬁnz2 n+l(z2n - z-l (30)

and equations (26), (27), end (28) become, respectively,

E+l -n+l %-n+l
- % an'b 2n 1) - 1py (v27 - 1) (312)
%"’l -ntl B on+l
- % -y {%(_b)z E-b)2n + 1:| - 1pn(-b)2 E-b)zm - 1]} (31b)
n=0
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m
§+l

E (an cos né - ipp sin n@)de
=O
0 = o 7z (31e)
(l - 2bBcos 20 + bu) I | f&osze - coszeg
panel g=L

where an and B, are the new constants,

It can be seen by examining equstions (31) that a number of the
a,'s and pPp's are equal to zero. This is shown by first considering
the nature of the simultaneous equations (31). The equating of the real
and imaginary perts divides the entire set Into two separate sets of
simultaneous eguations, one of which involves an's only and the other
Bp's only. When p is chosen, one of the sets will be homogeneous
whereas the other set will contaln two equations with constant terms
equal to -1. Thus, one set of constants becomes egual to zero whereas
the other set will have values which may be different from zero. This
remaining set of eguations can be reduced by considering the values of
the integrals across any one of the panels and lts counterpart which is
symmetrically located wlth respect to the y-axis. It can be shown by
substituting =« - ¢ for 6 1in these integrals that they will have the
seme absolute values and the same sign if n is even but opposite signs
if n 1is odd. The same feature is slso observed in camparing equs-~

tions (31la) and (3Ib); thet 1is, 1f % -n+1 1is odd, then the terms

which contain b +to that power will have opposite signs whereas the
remaining terms will have the same signs. It can now be seen thaet, by
adding or subtracting equations (31la) and (31b) and the equations for
the Integrals across each of the symmetrically located panels, 1t is
possible to reduce the set of equations in o, (or in fn) to two new
sets, one of which contains the odd velues of n and the other the even
values of n. Agsin one of these sets 1s homogeneous, snd one equation
of the other set has a constant term equal to -1 sc that all the constants
assocliated with either the odd velues of n or the even values of n
%111 be equal to zero end the other set will have values which can be
different from zero.

This analysis shows that one of four sets of constants apg, apgyys
Bzs, and PBpg,.y can occur, thus suggesting four different symmetrical

slot configurations. The possible symmetrical configurations which can
occur are (I) panels intersecting both axes, (II) slots intersecting both
axes, (IIT) a panel intersecting the x-axis snd a slot intersecting the
y-axls, and (IV) a slot intersecting the x-axis and & panel intersecting
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the y-axis. These conditions are found to occur when the tunnel has

4e slots with p equal to 1 (case I) or 1 (case II) or 2(2s + 1)
slots with p equal to i (case III) or 1 (case IV). Since there are
four sets of constants and four different symmetricel slot configura-
tions, it is to be expected that each set of constants can be assoclated
with one of the symmetrical slot configurations. When equations (31)
are set up for each of the symmetrical slot configurations, it 1s found
that the following associations exist.

Case I, panels Intersecting both exes: the “(23+l) set has values
different from zero.

Case II, slots intersecting both axes: the PB(pg41) et has values
different from zero.

Case III, panel intersecting the x-axis and slot intersecting the
y-axis: the Qng set has values different from zero.

Case IV, slot intersecting the x-axls and panel Intersecting the
y-axis: the BZs set has values different from zero.

It is now possible to write equations (30) and (31) by using only
the constants which may have values other than zero. However, equa-
tions (30) and (31) can be written in a more symmetrical form if the
solution is carried a step further. The equations for the set of con-
stants that are used for a given confilguration may be written, using
the set a5y,; &8 an example,

"L =701 * @303 * - - ¢ Gpgi170,2841

O =oay777 + W3¥33 * .+ - G2gy371,2841
> (32)

: : : : o

where the 7's are the corresponding fumctlons of 6, and b. RNow
conslder as a matrix the coefficients of the right-hand side of the
equations whose constant terms are equal to zero, and let Ay, A3,
As, . . . be equal to the determinants, respectively, which remain
after the column which corresponds to the number 28 + 1 of the con-
stant Apg,] 1s removed. Then using Cramer's rule,
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(o4 -Al 1
l =
A701 - A3703 Foeoe e (‘1)5A28+170,28+1
& (33)
A
%3 = - 3 s
Ayyor - 3703 + - -« (<1)7A354170, 2841

-~
with corresponding equations for the remaining values of aog.7.

When the solution for each constant equation (33) is substituted
into equation (30), 1t may be written

m/2
—oor{1 - v¥) T T yo¥ - zvBeos 26, + 1
L g=1 (34)

m/2
:z(zz - bz) (l - zzbz) I_I /zT" - 22%cos zeg + 1
g=1

The zbove equation must be multiplied by one of the following terms, the
cholce depending upon the symmetry of the desired slot configuration;
for case I, or panels intersecting both axes, '

% (-1)® Aogs12 —'-25 [2(26+l) + ]:l
séo (-1)8 Bpg 1P [2(25+l) +3;‘

for case II, or slots intersecting both axes (note that in this case as
well as in case IV, B has the same relation to B as A has to «
in the demonstrated case),

L o_2s
: i (-1)5Bpg, 122 E2(25+1) _ ];J
I m_
g L
8=

(352)

(35p)
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for case IIT, or a panel intersecting the x-axis and a slot intersecting
the y-axis,

m+2

m
i (-1)%8p22 " FH(ahe 4 1)
sS=l

m+2

228+l
g I
5=

and for case IV, a slot intersectling the x-axis and a panel intersectlng
the y-axis,

(35¢c)

m+2 m
L5 ()Pt (e )
w7 (350)
I 2 28+l
S (~1)%Bygb? ° (u¥8 - 1)
5=0

The constants Apgi], Bpgs]l, Apgs and Bpg are determined from the

following matrices in the mammer discussed in the material following
equation (32). The matrix for case I is

& e 6 m
flcoseda 1cos 39040 leOS(2+l)9d9
-6, T1(8) o, £1(6) ) £1(0)
JAQB cos 6 d0
6, £,(8)
(35e)
om
2 " cos 9 do as
fl O) . - - - M
z-2 B
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where

£,(8) = (l - 2bBcos 20 + bl") H Vcosze - cos2g

g1 &
The matrix for case II is
J’ez sin 6 a0 | °2 sin 36 a6 G2 Ein(g_*‘ 1)e ae
61 fzze) 1 sze) 9 £2(0)
-I; % sin 9 ae
, 0
(35¢)
/2 gin 6 a0
E 1 fz(e)
5 -
where
m/2
£o(8) = (l - 2bcos 26 + bh') | J\’:cszeg - cos®e
g=1
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The matrix for case III i=s

6 ) P m )—

jl do 1 cos 20 e flmﬁrle
-61 £1(0) -7 £4(e)
83  ap
flfe) (358)

Om/2 de

oy  f1(@)

E-l
where

S

2 2
Vcos g - cos Og

.

£.(0) = (1 - Zv2cos 2o + bY)

%
l_l

The nmatrix for case IV is

2] 0 m
%2 sin 20 a6 Zsinuoas 2 sn(g + 1)0 a9
1 fzte) 6y £2(8) 1 f2(0)

)4- Sin 29 da - - - . L]
£2(0)
(35h)

L_1
gin 20 46

m fzze)
-
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where
m/2

f£2(6) = (l - 2bZcos 20 + 'bl") T {coszeg - cosZg
g=1

Solution for symmetrically loaded wings.- Symmetrically loaded wings
can be assumed, to be made up of vortex pairs of circulation -4I' and 4r.
Since the circulstion can be expressed as

r = r£(x) (36)

the strength of each pelr becomes

dr = I f'(x)dx (37)

This value of the circulstion may be substituted into equation (34) to
give the contribution of each elemental vortex to the total flow. It is
then necessary to integrate the equation over the entlre span to obtain
the flow, or

0

(g_‘z")n =T, J:: f'(x)(%‘zi)u ax (38)

where (dw/ dz )n is the complex velocity of the nonuniformly loaded wing,

and (dw/dz), is the complex velocity (eg. (34)) of the umiformly loaded
wing with x substituted for b and a circulation of umnity.

Correctlons for Interference due to 1lift.~ The interference complex-
velocity fleld at the far-downstream position is determined by subtracting
the complex velocity of the free field from the complex velocity of the
constrained field, or

dwi _ gw ibl

&z " az | (22 - b2) (39)

A useful pserameter which indicates the effect of slotting a tunnel
1s the ratio of the interference of that tumnel to the interference of
a closed tunnel. This parsmeter, which is the same for the far-downstream
position as at the model and which will be called the quality factor k,
may be expressed mathematically as follows:
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aw + ibl’
dz ﬂ(zz ~ bz)

dwe . 1pT
dz n(zz - bz)

where dwc/dz ies the complex velocity of the closed tunnel configuraticn.

k = (40)

Once the values of k &are determined as a function of the semispan b
for a specific tunnel, the Interference may be calculated. It is shown
in reference 9 that the interference on the 1lift msy be expressed as an
angle which may be added to the measured angle of attack to obtalin the
true or free-flight angle of gttack. Reference 9 glves the correction
angle in radians as

ex = —= (41)

where & 1s & number which 1s determined from the geometry of the tunnel
conflguration and S 1s the wing area, C +the tumnel ares, and Cp the
1ift coefficient. Also from reference 9, the increment which must be
added tc the measured drag to obtain the correct drag is

ACp = %- (42)

In the case of the slotted tuunnel, 1t is convenient to use the guality
factor k and then express the two corrections as

sCL,

) (43)

€1

sc?

. (1)

ACD = kb

where the number & may be determined from the literature on lift inter-
ference of closed tunnels.

Solution and interference quality factors for tunnels with cross
sections other than clrcular.- The solution of the wall-interference
problem for tunnels having cross sections other than circuler may be
obtained by following the method of paragraph 1L.6, reference 10. This
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method requires that a function z = £({)} be found which will conformslly
transform the Interior of the tummel cross section in the z-plane into
the interior of the unit circle [f{| = 1 in the {-plane. It is also
necessary that £'({) does not vanish or become infinite in the unit
circle |¢{| = 1. The complex velocity of the tunnel in the z-plane is
then

dw
u—iv=—
ag

p:'f;

(45)

In the function dw/df of equation (45), the 6p's which determine
the slot edges of the {-plane are the transformed values of the slot edges
in the z-plane and the values of 1 1in the {-plane are also determined
from the transformations of the points b in the z-plane. Once these
values are determined for the transformed tunnel in the {-plasne, the
veloclity fileld dW/dC. in the {-plane may be computed. The velocities
in the z-plane may then be computed by equation (45).

The interference and the quality factor may now be deduced from
equation (45). Subtracting the free field from the complex velocity
given in equation (45) gives for the interference velocity:

dwi

_dwat, _ dbr
PR 1A R Y (46)

n(zz - 'bz)

The interference for any tunnel can be determined from this equetion;
however, in many cases, the use of a quality factor may be more con-
venient. The quality factor for this class of tunnels may be written

aw af ibl
(3t& (2 - oF) (47)
dve a¢ ibT
& " 722 - v2)

where dwe/d{ represents the complex velocity of the tramsformation of
the closed tunnel in the {-plane.

A simplification of equation (47) may be made in case the transforma-
tion £({) may be approximated by c{ <for polnts near the center of the
tunnel. If b is sufficiently small, its value in the {-plane may there-
fore be represented by b = c¢i, where 1 represents the point which
locates the tremsformstlon of the vortex in the f-plane. Substituting
these approximations into equation (47) glves for the quality factor:
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aw i, deir dw . dIr
w238 x(cBe? - c212) _ 9t x(e2 - 12) (48)
aw, 3 iclr dwe + iir

at © * x(c2¢2 - c232)  ag (€2 - 12)

Equation (48) shows that the quality factor near the center of the
original tunnel in the z-plane is approximately equal to the quality
Pactor of the corresponding circular tunnel in the f-plane. Thus, to
obtaln the interference, only the quality factor of the circular tunnel
needs to be computed, provided the Iinterference of the orlginal closed
tunnel is known and the spproximstion =z = cl 1s wvalid throughout the
reglon in which the model is located.

Applications of Theory to Various Tunnels

Two slots located symmetricaelly across the x-sxis (fig. 2(a)).-
Thils class of tunnels has the symmetry of slot location that is treated
under case IV, so that its complex veloclty fileld may be expressed by
the product of equation (34) and expression (354) where s ‘takes the
values O and 1. Since the integrals across the two panels are identically
zero, the matrix of the integrals has no meaning and hence is not used.
With these considerstlons the complex velocity mey now be written

ibP - Vbh - 2b2cos 267 + 1 Bz(zh'- 1)

ﬁ(zz - b2 - zbz)V(z 2z8cos 267 + l)Bg('blL )

The wall interference ls determined by subtracting the complex
velocity for the free field from. equation (49), or

dwy _ . ibr Cl - z’"‘)Vb)+ - 2bZcos 291 + 1 1 (50)

dz (22 - b2) (1 - zzbz)VZh - 228cos 207 + 1

The quelity factor k 1s determined by dividing equastion (50) by the
closed-tunpel interference which is

__br El - b2)(1 + 28) _ El (51)

2 _ pl 1 - z2p2
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(l - zl"),/bll' - 2bZcos 201 + L 1

. (1 - 220%) fo - 228cos 26y + 1

(52)
(l - bz)(l + zz) -1
(1 - z2v2)
This function may be written
(- 2%){o* - zbZcos 26y + 1 - (1 - 2202)|z% - 2a2cos 20, + 1 (53)

(zz - 'bz) Vzl“ - 2z2cos 291 + 1

The effects of the slots on the Interference along the span of the model
are obtained by substituting x £for =z; then,

1 - x4))fot - 2pPos 20; + 1 - (1 - x2o2))fx - 2xPeos 207 + 1
e = | 1

(sk)
- (xz - 'bz)Vxl" - 2x2cos 261 + 1
If x and Db are sufficientiy small so that the approximation
fx* - 2xPcos 26; + 1 = 1 -~ xPcos 267 + % sin226;
is valid, then
2 2 2 2
2 cos 20, - 2x% - (x® + b%)sin®2e
K = L ( L (55)

2 - 2xPcos 207 + xh‘sinzzel

The quality factor is seen to be insensitive to values of elther x or

b, so that for this tunnel with relatively small models (b = 0.25 or

less) the effect of slotting the tunnel on the 1ift of eny model may be

obtained by multiplying the closed-tunnel interference for that model by
» the slotted-tunnel quality factor.

) —
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Pistolesi (ref. 7) shows that the interference quality factor for
this tunnel with & vortex doublet in the center is, in the notation of
this paper, cos 207;. Equation (55) reduces to the same value when x
and b are set equal to zero.

Two slots located symmetrically across the y-axis (fig. 2(b)).-
This class of tunnels haes the symmetry of slot locetion that is treated
under case IIT (see eq. (35c)). Thus, its complex-velocity field may be
expressed by the product of equation (34) and expression (35c), so that
it may be written

~aor{1 - vY /bl" - 2bfcos 207 + l|: - 8,(1 + 2 )]

LA (56)
4z (22 - v2)(1 - 222) Vzl* - 222cos 20, + lEAobz - ag(1 + b’"‘]
vhere Ap and Ay are determined from the matrix and are
cos 20 46
N — o
61 1 - 2b“cos 20 + bh)Vcosze - cos®e1
o1
Ao =j a9 (58)
-6 (l - 2bZcos 20 + bh)Vcoszs - cos®61

If z and b are consldered small the complex veloclty of this
field mey be approximated by

dwy  pr (agp® - 280) + (1 - v) (A2 - 282%)cos 267

w oz - eag) (s - ) 2
from which the quality factor becomes approximately
.. (agzp? - 280) + (1 - v*) (az - 2892%)cos 261 (609

Ap - 2Agb?



which reduces for z =b =0 %o

kK=~ % + COB 26 (61)

This quality factor is the same as the one presented in reference 7, with the necessary change
of sign to mdapt it to the notation of this paper.

4s slots located symmetrically with respect to the x- and y-axes.- This general class of
tunnels has the symmetry of slot location of case I, equation (35a), if panels intersect both
axes or of case I, equation (35b), if slots intersect both axes. Thus, the complex velocity
may be expressed by the product of equation (34) and expression (35a) or (35b), depending on the
desired slot canfiguration. As an example, the complex veloclty for a tumel containing four
slots with panels intersecting hoth axes may be written

2
~1op(1 - BY) ]g_g Vbt - Zb2cos 26, « l) Elzz (62 + 1) - a5(8 1]

o - - - (62)
11(22 - bz) (l - zz'bz)(ll Vzl" - 2z%o0s 20g + 1 E]_bz(ba + 1) - A3(b6 + l]
g=l
vhere
1
A = [Jo]:; flezd._e (638)
(l - 2bcos 26 + b"") 1_1 /c_:osze - c:oeszeS
Hel g=1

9ZVEST W YOVM
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and
81
A3 - cos azde (63b)
(l - 2Zb2cos 260 + bh) | vgbsze - coszeg

If the tunnel contains eight slots with panels intersecting both
axes,

n
~ibr(1 - 8% T {o% - 2vPcos 20, + 1
av _g=1 " x
o x(zz - bz)(l - zabz) I_l.v;h - 2z2cos 20g + 1

g=1

(64)

where A3y, Ag, and Ag are equal to the determinants remaining when

the first, second, and third colummns, respectively, are removed from the
following matrix:

91 cos 0 do 91 cos 30 de 81 cos 56 dG-_
—o, £(e) -0, £(0) -6, t(6)
(65a)
Jﬂ63 cos @ d8 Jﬁ93 cos 30 d@ J°93 cos 56 46
| Jop £(e) o  f(6) oz f(6) |
where
N
£(o) = (l ~ 2bPeos 20 + bh) 11 f&osze - coszeg (65b)
g=1
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If the tunnel contains 12 sglots with panels Intersecting both axes,

6
~1pr(x - v%) L1 fok - 20%cos 265 + 1
aw g1

6
(22 - b2) (1 - 2209 T T {z* - 222cos 205 + 1
g=1

X

Alzs(z2 + l) - A3zll'(z6 + 3.) + Aszz(zlo + l) - A.T(zll" + l)

(66)
ap5(p? + 1) - agpt(66 + 1) + agp2(p10 + 1) - ag(pt¥ + 1)

where Ag, A3, A5, and A7 are equal to the determinants remaining

when the first, second, third, or fourth columms, respectively, are
removed from the following matrix:

’_91 cos 6 46 01 cos 30 dg 81 cos 56 ao %1 cos T8 de
61 £(8) -6, £(6) 9, r(o) -61 £(8)
93 cos 6 a0 93 cos 36 de €3 cos 56 a8 93 cos 76 46

62 £(e) 62 e 82 Se(e) 62 IO (672)

f95 cos 9 d6 IQS cos 36 dg J‘65 cos 56 de j95 cos TO de
oy,  £(6) e, £(8) g, £(8) o, £(6)

] —

where

6

£(8) = (1 - ZbPcos 26 + ‘bl") ]_—I )/cosze - coszeg (61p)
g=L

If the slots are of equal wildth and evenly spaced, equations (62), (64),
and (66) can be simplified by substituting the terms

V1 - 2zfcos 267 + z2m

———
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\/1 - abmcoxa 291 + th

for the miltiple products in equations (62), (64), and {66), and

zn 2nm
\Icos Ee-cos 2'91

for the miltiple products in equations (63a), (63b), (65b), and (67b). With these substitutioms
the limits of the integrsls in the second row of the matrix (65a) are changed to ﬁ- - 1 for the

lower and -E + @1 for the upper limit, and those of the second and third rows in the matrix (67e)

%0 %-el and %-91 for the lower and %+e]‘ and %+61 for the upper limits.

The interference in these tumnels is obtalned by computing the velocity end subtracting the
free-fleld velocities, then dividing by 1/2 since the computed fields mre for e great distance
downstream and (see ref. 8) the interference velocities at the model are one-helf those down-
stream.

2(2r + 1) slots located symmetrically with respect to both axes.- This general class of
tunnels has the symmetry of slot location of elther cese III, expression (35c¢), = panel inter-
cepting the x-axls and a slot intercepting the y-axis, or case IV, expression (35d4), which is
the opposite of case TII. Thus, the complex velocity may be expressed by the product of equs-
tion (34) and expressiomn (35¢) or {35d4), depending upcn the desired configuration. As examples
af this class and of the simplification due to evenly spaced slots of equal width, the complex-
velocity fields for tunnels cantaining six evenly spaced slots of equel width may be written,
for case III, penels on the x-axis,

av -ib[‘(l - bl")/blz - 2bcos 66, + lEAQzllr - Aazz(zll + l) + Ah(za + l)] (68)

az n(zz - bz) (l - zz’bz)‘/zlz - 2z6cos 6al + lEAobl‘ - Azbz (bl* + 1) + Ah(ba + ]_zl

9ZVEQT WO VOVN
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where Apg, Agp, and Ay are evaluated from the following matrix by
the seme methods used in equation (64):

.P— -
f 01 a5 81 cos 26 de 1 cos 4o de
Loy £(8) Lo, £(O) 6, £(0)
Lio Z:0 Z 10 (692)
3771 gg 3 71 .05 20 as 377 cos bo ao
B £(e) g £(0) x £(6)
30 3- 5
where
£(8) = (l - szcos 28 + bh)¢E05236 - c052361 (69b)

For case IV, slots on the x-axis,

~1br(1 - BH)YlZ - 2pfeos 60y + lEzzz(zl" - 1) - By(=® - lﬂ

dw
d_ -
* x(22 - v2) (1 - zz'bz)\lez - 2z6c0s 667 + 1E2b2(b4 - 1) - By (8 - 1)]
(70)
where
7
Z_.o
3 1
B), =‘jﬂ sin 20 de (71a)
61 (l - 2bZcos 20 + bh)vcosz361 - cos238
and
7
-0
3 1
61 (l - 2b2cos 20 + bh)Jcosz3el - cos23e
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The interferences are determined as in the previous sectioms.

Equations (68) end (70) may be extended to 10, 1k, . . . 4n + 2
slots in the same manner that equation (62) was extended to include 8
and 12 slots.

Single slot located symmetrically across the x-axis.- Since this
tunnel contains an odd number of slote, summation (17) rather than (11)
must be used in equation (1k), which, when expressed for a single slot,
becomes

1

zZ(ancos.z_l%l.ﬁ.{.bnsin.z_n_gi.g)

aw _ 120 (72)

e (zz - bz)(l - zabz)\/cos 4 - cos 67

Equation (72) may be rewritten, with several modifications after sub-
stituting 2z = eiﬁ, as

dw agz(l + z) + al(l + 22) + i[Ebz(l - 2z) + b1 - z2§}

L — (73)
dz VE-(ZZ - v2)(1 - zzbz)Jl - 2z cos 67 + z2

The constants in this case must be evaluated from the circulastion sbout
the poles at b and -b send the nonexistence of sources at those points,
as the potential condition is automatically satisfled because the poten~
t1al 1s constant across a single slot. The circulation and nonexistence
of sources may be expressed about the pole b as

2xiiagb(l + b 1 +12) + 1[bgb(1 - b) + by (1 - b2)
I'+id=_ﬂ{a0(+)+al( +D2) + [o( ) + 1 ]} (Tha)
V2 261 - oL - 2b cos 61 + BE

gnd gbout the pele -b as

2risag(-b) (1 - b) + a(L + b3) + 1[1::0(-13)(1 +B) + by {1 - b3ﬂ}

' + 1o =
V2(-20)(1 - v¥) {1 + 2b cos 67 + b2

(7hb)

If there are to be no sources at the poles, ¢ must equal zero. It

mey be seen from inspection that ap and &; are equal to zero and that
bo and b1 heve solutione other than zero. When these solutions for
bo and by are substituted into equation (73), it becomes

”~



[B(1 + b)L - 2 cos 81 + b2 + b{L - b)fL + 2b cos 61 + b2 &(L - ) +
~4bT"

av E(l - b3){1 + 2b cos 0 + BE + (l + b3)Jl - 2b cos 0y + bz:l(l - z3) (
dz :
be(zz ~ bz) (1 - zzbz)Vl - 22 cos 09 + 22

The interference velocity is determined as before by subtracting the free-field velocity
-:LbI‘At(z2 - b2) ; bence, the interference complex velocity is

s ; )
En(l + b)YL - 2 cos Oy +bE+b(L - b)fL + 2b cos 6y + bZJz(l - z) +

..ibI'{ Kl + b3Hl - 2b cos 97 + be - (l - b3)-{i + 2b cos 07 + b‘a‘j(l - z3) -

dwy \_Zb(l - zz'bz)fl - 2z cos 1 +_y,2

- (76)
dz Zb:t(zz - 'bz)(l - zz'b'zwl - 2z cos 01 + 22

The quality factor k is detexmined by dividing equation ('76) by the closed-tunnel interference

velocity, which is —:Lbl"/sr(l - zz’bz). After performing thia operation snd combining a nmber of
terms, the quality factor k may be written

r(l + B)(1 - 2)(z + b){L + zb)yL - Zb cos 67 + b )

(L-b)(L - 2)(z - B){(1 ~ 2b)V1 + 2b cos 6y + b2 - [

_A_

2o(1 - 2202)|1 - 2z cos 6y + =2
K = e = (Tm
Zb(zz - 'bZNl ~ 2z cos 67 + 72

This factor may be checked by letting 61 = 0°, which represents a closed tumnel, for which k
mey be shown to be equal to +1; amd 1f 67 = 180°, which represents the open tummel, then k can
be shown to be equal to ~l.

g2vteT W YOVH
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Equation (77) may be considerably reduced by using the following
approximations, in which 2z 1s assumed to be small with respect to 1l:

sin26
1 -2z cos 6] + z2 ——3?—£E (78)

Vl - 2z cos 67 + 22

2 51020

5 (79)

¢l + 2z cos 87 + z2 =1 + z cos 61 + z

with similer equations for the radicals containing b. After multiplica-
tion and collection of terms, equation (77) reduces with the above
approximations to

2 2
sin“g b sin<e
cos 61 - ——Er—£ - z[i + bz(} - ———??——EQ]

p 51n0y
2

k = (80)

1 -~ 2z cos 61 + 2

If terms of the order z2 and higher are eliminated, equation (80) may
be approximsted with

k = - %-{% - 2 cos 67 - c05291 + z[%?z + (2 - cos el)sinzeii} (81)

Equetion (81) shows thst the interference of this tunnel has an odd
function component along the x-axis which will produce a variation in
the effective angle of attack that wlll cause the model to have a
rolling moment. Since extension of flow fields of this type (an odd
number of slots symmetrically located with respect to the x-axis) to
greater numbers of slots will not eliminsfte the odd powers of =z, the
rolling moments will continue to exist. Tt is therefore to be concluded
that tunnels containing an odd number of slots symmetrically located
with respect to the x-axls introduce an extraneous moment into the data.

Slngle slot located symmetricelly across the y-axis.- Since this
tunnel also contains an odd number of slots, sumestion (17) must be used
to insure the proper slot symmetry. With this cholice of functions,
equation (15) msy be written,

3 39 3 39

aw 8g COs S + a1 CO8 S + bo sin = + by sin =
4 (52 - pE)(1 - 5202) /sin 9 - sin 61 (82)
2
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Since z = eia, the complex velocity may be rewritten after sub-
stitution end combining various terms as

aw (L + D fagz(L + 2) + ag(1 + 23) + poiz(L - 2) + Byi(1 - 23)

dz 2(22 - v8)(1 - 222)f1 - 21z sin 6, - zZ

(83)

The constants ag, &3, bgo, and b; must now be evaluated from

the clirculation about each of the poles and the condition of continulty.
The two conditions about each pole may be expressed as

2ni (1 + i)Eo'b(l +1b) +a3{L1 + b3) + boib(1 - B) + by1(2 - 'b3j]

'+ ig =

(1 - v*)1 - 21b sin 6 - b2
(8ka)

gbout the pole b and

2ni(1 + i)anb(l -1b) +a;(l - b3) - boib(L +b) + byifL + b31'

-I'+ 10 =

-4p(1 - p2){1 + 2ib sin 67 - b2
( /1 - n 6y (10

ghout the pole -b. The strength ¢ must equal zero in order to setisfy
the condition of nonexistence of sources. In order to simplify the
rationalization of equation (84), the following substitutions are made:

~
C+1D = f1 - b2 + 2ib sin 61
and
C-4D = (L - b2 - 2ib sin 61
Also let
Ay = agb(1 +b) + ap(1 +b3)
By = -agb(1 - b) + az(1 - B3) > (85)
B, = bgb(L - b) + by(1 - B3)
By, = -bgb(1 + b) + bl(l + b3)
and
zbr(1 - 4|1 - Zb2cos 26, + bY

kg8 -
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The four simulteneous equations (84) may now be written, after ration-
alizing the denaminstor,

A =R.P.(1 - 1)(C + 1D)(A) + 1By) )
0 =I.P.(1 - 1)(C + m)(Al + 1131)
> (86)
A =R.P.(L - 1)(C - iD)(Ap + 1Bp)
0 = I.P.(1 - 1)(C - 1D)(4 + 1By)
-
which msy be restated as
~
A =A(C +D) + By(C - D)
0 = -A;(C - D) + B1(C + D) \
(87)
A = A>(C - D) + Ba(C + D)
0 = -A3(C + D) + Ba(C - D) _,

If A; and By are determined from the first two and A; and By
fram the last two, 1t may be seen that

~
A(C+D) _ A = agb(1 +b) + al(l + b3)
2(02 + D2

Alc - D% = Ay = _a_ob(]_ - D) + a.l(l - 'b3)

2(c2 + D2)
e (88)

A{c - D)

ooy - B =re@ - )+ maa - Y

AC + D) bgb(L + b) + ba(1 + b3)

= Bz
2(c2 + DB J
A
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- These equations may be solved for ag, 81, bg, and by, glving
. & (c+p){1-13) - (c-D)1+13) A
%072, o2 w1 - v¥)

A (c + D)b(L - b) + (C - D)B(1L + b)

a =

ez, p2 p(1 - bh)

b = - A (c+p)a -13) -(c-p)a +13) _
c? + p? (1 - v*)

b = —2 (c +D)b(L - b) + (C -D)b(1 +D) _

c2 + p? w1 - k)

The set of equations (89) mey be simplified to

ag = ~bg = 28(p - cp3)
1(c2 + p2)b(1 - B¥)
ay = _ 2Ab(C -~ Db)

s 1(c2 + p2)p(1 - BY)

-ao

~f

37

(89)

(90)

Letting ag = -bg and e; = by, the camplex velocity equation (83) masy

be rewritten

aw ZE(aO + a.lzz) + 1(a.oz2 + a.l]

dz 2(22 - v2)(1 - 22b2)|1 - 21z sin 61 - z2

s .

(91)
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Substituting for &5 and a3 gives

ZA{ZE) - 003 + b(C - Db)z?] + iEn(C - Db) + (D - %3)25]}

aw _ (92)

dz (o2 + Dz)b(l - b”)(zz - bz)(l - 2202){1 - 21z sin o, - z2
Now it msy be shown that

A=- %(1 - v4)(c? + p?) (93)

so that
T ZED - o3) + b(C - Db)zz:l + 1E(c - pb) + (D - Cb3)z§‘] -
dz ¥ (22 - v3)(1 - 222){1 - 21 sin 67 - 22
where

2

C +1D = y1 - p® + 2ib sin 61

The interference velocity is obtained by subtracting -ibl/ rr(zz - b2) s
so that

~ fo(c - Db) + (D - cb3)22 -
awy - J 12.E3 - o3 + b(C - Bb)zz:l e (95)
dz a(z2 - b2) b1 - 2202)\1 - 2iz sin 6, - 72

| -

Now divide by the closed-tumnel interference to obtain the quallty factor,
so that

b(1 - 22b2) |1 - 21z sin 6; - 22

b(C - Db) + (D - Cb3) 22 - izﬁ_) - Cb3 + b(C - Db)zz:l }

—ibr
(22 - b2) w1 - 2202)|1 - 212 sin 6; - 27

-ibr ({1 - 02 (1 +aB)
x(z2 - v2) 1 - 222

k =

(96)
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or

b(1 - 22b2)|/1 - 21z sin 67 - 22

b(C - Db) + (D - Cb3)22 - 1z|§ - cb3 + p(C - Db)zz:l}

= (97)
b(z2 - v2)|1 - 21z sin 6; - 22
The interference quality factor at the center of the tunnel msy be
exemined by letting =z = O0; then
C-Db -1
k=== (98)
-b
From the evaluation of the constants, equation (94),
C = \yl - 2b%cos 201 + b* cos ¥ (99)
D = U1 - Z2cos 267 + b sin ¥ (200)
when
2h sin 6
¢ =Ltenl 1 (101)

When b is small, equation (98) may be simplified by first approxi-
mating C and D. These approximations are, for smasll values of b,

2
C=1- b?-(cos 207 + sinzal) (102)

D =5b sin 8y (103)

When the values for C and D gilven in equations (102) and (103) are
substituted into equation (98), it becames

2
cos el

= (1o4)

k = sin 67 +
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This equation elso checks with the results given in reference 7,
_with the usuel change in sign to conform with the notation of this paper.

] Lift interference of rectangular tunnels.- The function which
transforms a rectangular tunnel into a circular tumnel is gilven in
paragraph 14.8, reference 10, as

Z

A2
sn —2-

mi?

dn

- (105)
cn A2
2

where sn %;, dn %;, and cn %? are Jacoblan elliptic functions of =

and A»/2 1is defined by

»_EKE_K (106)

where K and 1K' are the quarter periods and a and h are the
breadth end height of the tunnel. (See pars. 14.7 and 14.8 of ref. 10
for further information concerning these functions.)

If 2 and h are given, then X, K', and m, the squared modulus
(see ref. 10, par. 1k.8), are uniquely determined. 'Once the constants K,
K', and m are determined, the slot location and the half-span length 1
may be computed. First, consider slots whlch are located on the top and
bottom of the tummel (see fig. 1b). In reference 10, parsgraph 14.8, it
1s shown that the top of the tunmnel may be expressed by z = x + %? or
Az = Ax + iK'. Tt 1s also shown that the transformation (105) may also
be expressed

2 1l -cn Az
= 2 . 10
¢ l+cn Az ( 7)

so that the equation for the top of the tumnel becomes, in the ¢ plane,

T
f;2, 1 - cn(x + 1K") (108)
1 + cen(dx + 1K')
From reference 10, paragresph 14.8, en(ax '+ 1K') 1s equal to - /zds 1xx,

which msy be called ip. Now, on the circle,
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2 2ig _ 1 - ip
6 1+ ip ( 9)

and if the real and imeginsry portioms are separated,

2 - 2
cos 20 = L= “2 _m - (ds xx) (110)
1+p m + (ds ax)%
or
sin 20 = - 2“2=2‘1s’“x és)\.x (111)
1+ fﬁ' 1+ =

The 6,'s of the circular tumnel in the { plane are determined from

the above equations by the locations of the slot edges xp 1In the z-plane.

If the slots are on the side of the tunnel, a similar analysis
starting with 2z = % +1y or Az =K + 1)y will show that

2ym 84 1
sin 29, = V= s (112)

1 + m(sd 1Xy)2

As before, equation (112) may be used to determire the 6n's when the
slot edges are functions of Y¥.

The value of 1 1s given 1n reference 10 as

1 -cn Ab

= > (113)
1 +cn Ab

1

Knowing 1 and the 6p's, the complex velocity of the tunnel in the
plane may now be computed, and the Interference determined from
equation (46).

The calculstlion of the Interference for rectangular tunnels may be
simplified by applying the conclusion following equation (48), which

L
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states that the quality fasctor of the transformed tummel 1s approximastely
equal to the quality factor of the originsl tunnel, provided the trans-
formation function can be approximated with 2z = ¢ Equation (105) is
shown in reference 10, paragraph 14.8, to be appmxima‘bely equal to

¢ = Az/2; hence the conclusion following equation (48) is valid for
rectangular tunnels. Thus, it 1s necessary only to determine the quality
factor for the transformed tunnel and spplying it to the correction for
the fully closed rectengular tumnel (see ref. 10, per. 14.8, for this
correction) to obtain the correction for the corresponding slotted rectan-

gular tunnel.

Circular tunnels having genersl slot configurations.- Equation (16)
is used to obtain the complex veloclty for a configuration which contains
a general slot distribution. Equation (16) may be written

m
pz(ay cos 9 + by sin 3) Z (an + 1pn)cot® %
n=0

aw
a 2 _ .2 2 2) T 3 bg )
(z -b)(l—zb):[:_[l cot-z--cotT

where p hes the same definition as given for equation (25). If =z is
substituted for 9 by using the relation z = el?¥, equation (114) becames

m
2 2 n
1+ 2 i 1l -z + 1 iz+l
Pz (a.l e + iby = ) (an Bn) —

%Z‘-‘ = zmn— = (115)
(zz - bz)(l zzbz) HJi : + L cot 28
g=1 -

Equetion (115) mey be reduced to

I:(l+z ) +ibll-z:| ; (a'n"'iBn)(Z —l)m"n(z + 1)0s0

z(z - bz)(l - z2b2 H \[(z +1) - (z - l)cot

g=1

dw
dz

(116)



The constants aj; b3 ag, 9, « - « an; and By, By, + - + By are determined in the

2]
same manner as was used for the symmetrical slot configurations; that is, the circulation about B
both poles is equel to I, the source strength o 1s zero, and the potential in each slot is >
equal to zero. The conditions on the circulation and source strength may be determined from the E
line integral ebout the poles b and -b. For the pole at b, ,a
5
” N & R
ZnipEl(l + b ) ¥ :Lbl(l - b] ; (om + 18n) (L - D)B(L + b)PAR(-1)=R
I+10 = = 2 (117a)
0
(1 - w4 TT\(o +1) = (b - 1)cot -£
g=1 2
and for the pole at b,
2 m
2aip &y (L + b8) + 1by (1 - v2) ;'5 (an + 1) (1 + BYEB(L - p)RB(-1)™P
I+ g = = o= (1170)
e
(L - v4) T/t - v) + (2 + b)eot -E
g=1

The condition on the potential in each slot may be determined from integrating the veloecity over

each panel, or
|:a1 cos  + by sin 6) ; (ag, + 1[31)co1:n 9las
(127¢)

2 u Og
l-Zbcosze +b E\/cotf-cot =

&q
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The constants aj; by1; ag; @1, - - «» ap; and Bg, By, « - « PBn
are determined from the solution of the set of simultaneous eguations (117).
Once the constants are determined, the-complex velocity mey be determined,
and the interference may then be computed in the ssme msnner as was used
for the various symmetricel cases.

RESULTS AND DISCUSSION

Interference quality factors for several circulaer tuvnels  with
symmetrically located, evenly spaced slots.- The quality factors for
circular tunnels containing various symmetrically located, evenly spaced
slots of equal length and wings of very small span (b = 0) are given in
figure 3. The curves for tunnels that have panels across the x-axis and
contain k4, 8, or 12 slots are calculated from the formula

K= - 2 z (118)

where 6 is defined in figure 1 and m 1is the number of slots. Equa-
tion (118) may be derived by consldering the value of equation (34),
expressed for symmetrically located, evenly spaced slots of equal width,
wvhen b and 2z are equal to zero. It 1is slso the negative of the
relation given in reference 7 for the same tunnel configurations, the
minus sign belng used to conform with the notetion of this paper.

An analysis of figure 3 shows that, for all configurations except
the one with two slots across the x-axis, only a small percentage of the
tunnel well must be opened in order to obtain no interference at the
center of a small model, and that the amount of opening required rapldly
becomes smaller when the number of slots 1s increased. It 1ls also noted
that the change in quelity factor is very rapld at the null-interference
condition, thus making an accurate estimate of the interference difficult.

The importance of slot location in determining the quality factor
1s indicated by the large divergence of the two curves for tunnels con-
taining two slots. It cen be shown, though, by compsaring the quality-
factor functlons for the conditions of slots across the x- and y-axes
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and panels across the x- and y-sxes, that as the number of slots Increases,
the quality factors will approach each other. Since the quality factors
approach each other, it may be expected that the quality-factor curves

for tunnels containing 8 or 12 evenly spaced slots of equal length will

be epproximately correct for any slot location. Thus, the quallty factor
should be gpproximately correct even though the model is rolled in the
tunnel.

Variation of quality factor with span of model.- The effect of model
span on the quality factor k at the center of several slotted tunnels
is shown in figure 4. Examination of the curves shows that the quality
factor is fairly constant over an apprecisble range of spans, in that
it does not vary more then 10 percent for spans of 0.5 to 0.6 of the
tunnel dismeter or width. The quality factor for the tummel containing
two slots is seen to vary more, in that the quallty factor changes 0.10
for a change in the span from zero to 0.46 of the tunnel dismeter. The
quality factor of the single slot, however, is seen to remain fairly
constant regardiess of span.

The spanwise variastions of the quality factor for a model with a
span of 0.75 of the tunnel dismeter is shown in figure 5. This figure
shows that the quality factor for the tunnels containing 8 or 12 slots
1s ebout 0.3 larger st the tips than it is at the center, whereas for
the tunnel containing two slotes it decreases sbout 0.6. These changes
indicate that the spanwise change in k may depend upon the boundary
condition at the intersection of the wall and x-asxis; that 1s, if a
panel intersects the x-axis, k will become larger, and If a slot inter-
sects the x-axis, k will become smaller. Such a tendency would be
difficult to prove, however, so that an analysis of the varistlon in k
for eny particular tunnel would require a computation of k salong the
span for that model. These varlations in k also indicate that the
1ift corrections for s model with a span as great as 0.75 of the tunnel
dismeter can be roughly approximsted by uslng the velue of k &t the
center of the tunnel; however, a more accurate correction would involve
the use of an average value for k as well as an average of the load
over the span.

A résume’ of the observations mede from figures 4 asnd 5 indicates
that, for these specific slot configurations at least, the gqualilty
factors for tunnels containing 8 or 12 slots, provided they are symmet-
ricelly located, equally spaced, and of equal length, are more nearly
constant throughout a greaeter portion of the central reglion of the tumnel
than are the quality factors in tunnels conteining two slots. The fact
that the quality factor 1s noderastely constant even at spans of 0.75
permits msking the correction for 1ift interference by computing the
interference of the closed tunnel having the seme cross section, and
then multiplying that interference by the gquality factor for the center
of the slotted tunnel.
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Quality factors in tunnels containing a single slot.-~ The variation
of the quality factor with percent opening in a tunnel containing a
single slot symmetrically locaited with respect to the x-axis is shown
in equation (80) and in figure 6 to be somewhat different from those
previously studied in that k is greater on the half-span of the wing
which points toward the panel and is smaller on the slde which points
toward the slot. This variation of k means that a spanwise varistion
in angle of ettack exists which would cause the model to roll. Thus, a
tunnel of this type, that 1s, a slngle slot symmetrically located with
respect to the x-axis, has interferences which are more difficult to
correct for because of the Introduction of an unnecessary rolling moment
into the measured data.

This rolling moment does not exist, however, if the slot 1is symmet-
rically located wlth respect to the y-axis. It 1s shown in equation (97),
though, that the induced velocities will not be normel to the span but
will have a small component along the span. Such a component should not
affect the total forces seriocusly, since it would not affect the total
induced veloclity. However, the effects of this component should perhsps
be consldered In the treatment of load distributions slong the span.

Thus, the pecularitles of the interference effects of tumnels containing
a single slot symmetrically located with respect to either axis indicate
that its effects will be more difficult to correct. .

If the equations for the single-slot case are extended to a larger
0dd number of evenly spaced, equal-width slots, 1t msy be expected that
both the rolling moment and the cross flows will become smaller because
the walls create a more uniform interference fileld at the model.

Effects of compressibility on the corrections.- It is shown in
reference 11 that the 1ift due to compressible flow cen be corrected
in exactly the same menner as though the flow were incompressible. Thus,
neither the k nor the 8 of equastions (43) and (44) is a function of
compressibllity. Since the arguments used in reference 11 are based on
subsonic linearlzed compressible flow, it may be expected that correc-
tions can be made for Mach numbers up to the critical or slightly higher.

Applicability of the theory.- Several of the differences between
the ideaslized end the actusl problem are those due to viscosity, which
causes a mixing region in the neighborhood of the slot rather than the
assumed constant pressure surface which divides the high-veloclty tumnel
alr and the stagnsnt tank slr. Since the mixing region involves various
complicated phenomens such as turbulence, velocity gradlents, separation
at the outer slot edges, and differences in boundary condltions in 4if-
ferent slots depending upon the direction of flow through the slots, 1t
is very likely that its effects on the 1lift Interference will have to be
determined from analysis of experimental data (for exsmple, ref. 12).
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Another effect of viscosity which becomes Important if the slots
are narrow and deep is the friction on the air as it flows through the
slots. Since the friction reduces the smount of flow through the slots,
they will effectively become narrower, so that the quality factor may
be expected to become larger.

The possibility also exists that, in an actual tunnel, the pressures
may not be equal in all the slots and the slot pressures may not be equal
to the pressure in the tank. It would be expected that if the difference
between the pressure In the slot and that In the tank causes more flow
through the slot than occurs in the ideal tunnel, the slot will effec-
tively be wider, and if the difference decreases the flow, the slot will
effectively be narrower. Thus, the actusl quality factor will depend
upon the effective slot widths as determined by the pressure increments.

Other differences occur because a practical tunnel cannot be con-
structed like the 1deal tunnel. Thege differences involve finite slot
lengths, varisble-width slots, and lips on the slot edges. In con-
sidering the effects of finite slot lengths, it seems reasonable to assume
that those effects should be no more serious than the effects of a finite-
length open tunnel. In reference 13, it is shown that the theoretical
1ift corrections for an infinitely long open tunnel are adequate, pro-
vided the model is located & distance of at least one-half the tunnel
height from the entrance and exit regions. Therefore, if the slot con-
figuration is such that the width 1s constant over a section whose length
1s at least equal to tunnel height, the thHeoretical corrections should
be adequate even though the slot width may vary considerably outside that
region. The effect of lips on the slots may be shown qualitetively by
comparing the pressure gradients of the two types of slot configursations,
that is, with and without lips. Since the 1lips confine the £flow, the
pressure gradlent in that configuration 1s less steep through the slot
than if there were no lips. Therefore, the velocity mey be expected to
be lower, so that the effective width of the slots will be reduced,
thereby incressing the quality factor.

CONCLUDING REMARKS

An anslysis of the equations which represent the interference on
the trailing-vortex system of a uniformly loaded wing, due to wind-
tunnel walls with mixed open and closed boundaries, has shown that:

1. Slot openings of the order of 7 percent for four evenly spaced
slots of equal length, and less for larger mumbers of slots, are required
to reduce the interference on a lifting model to zero. The zero-
interference quality factor 1s critical with respect to the percent of
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slot opening as a smell change in slot opening will cause an appreciable
change in the quality factor when its value 1s near zero.

2. The tunnels which contain two symmetrically located slots showed
quite different values of the interference for different slot locations.
The differences in Iinterference became smeller as the number of slots
increased.

3. In the tunmnels examined, a region existed sbout the center of
the tunnel in which the ratio of the slotted-tunnel Interference to the
closed-tunnel interference was fairly constant, so that in order to
obtaln the corrections for the effects of a slotted tummel it is neces-
gsary only to multiply the closed-tumnnel Interference by a constant.

L. The region in which the ratic of the slotted-tunnel interference
to the closed-tunnel Interference is reasonably wniform was found to be
larger for the tunnels contalning 8 or 12 slots than for those containing
2 slots.

5. An exemination of tunnels containing a single slot showed that
they produced a rolling moment or a cross flow on the model. These
phenocmens mey be expected for tunnels containing a larger odd number of
evenly spaced, equal-width slots. These phenamena should, however,
decrease as the mumber of slots increases. These phenomena may also be
expected for any case 1in which the slots are asymmetricelly arrenged
with respect to the model saxes.

6. An snalysis of the effects of compressibility on the ratio of the
interference of a slotted tumnel to the Interference of a closed tunnel
shows that the ratio is relatively unaeffected by compressibility through-
out the subsonlec region.

Langley Aeronsutical Laboratory,
National Advisory Committee for Aeronsutics,
Langley Field, Va.



L

D]

10.

1l.

NACA RM L53A26 A L9
‘ REFERENCES
> 1. Wright, Ray H., and Ward, Vernon G.: NACA Transonic Wind-Tunnel Test

Sections. NACA RM 1L8JO6, 1948.

Ritechie, Virgil S., and Pearson, Albin O.: Calibration of the Slotted
Test Section of the langley 8-Foot Transonic Tunnel and Preliminary
Experimental Investigation of Boundary-Reflected Disturbances. NACA
RM I51K1h, 1952.

Toussaint, A.: Experimental Methods - Wind Tunnels. Influence of
the Dimensions of the Air Stream. Vol. IIT of Aerodynamic Theory,
div. I, part 1, ch. III, sec. 3, W. F. Durand, ed., Julius Springer
(Berlin), 1935, pp. 290-299.

Kondo, Kazuo: Boundary Interference of Partially Closed Wind Tunnels.
Rep. No. 137 (vol. XI, 5) Aero. Res. Inst., Tokyo Imperial Univ.,
Mar. 1936, pp. 165-190.

Goodman, Theodore R.: Wall Interference on Lifting Wings in Wind Tun-
nels With Transonic Throat Configurations. Rep. No. AD-5G4-A-1,
Cornell Aero. Lab., Imc., Oct. 1949.

Riegels, F.: Correction Factors for Wind Tunnels of Elliptic Section
With Partly Open and Partly Closed Test Section. NACA T™ 1310,

1951.

Pistolesi, E.: On the Interference of s Wind Tumnel With a Mixed
Boundary. Cornell Aero. Leb., Inc., Dec. 1949. (From Commentationes,
Pont. Acad. Sci., anno IV, vol. IV., no. 9, 1940.)

Davis, Don D., Jr.: Approximste Solution for Slotted Tunnel Boundary
Interference Obtained by Substituting an Equivalent Homogeneous
Boundary for the Discrete Slots. M. A. E. Thesis, Unlv. of Va.,

1952.

Glauert, H.: Wind Tumnel Interference on Wings, Bodies and Airscrews.
R. & M. No. 1566, British A.R.C., 1933.

Milne-Thomson, L. M.: Theoretical Aerodynamics. D. Van Nostrand
Co, Inc., or Macmillan and Co., Litd., 1948.

Gothert, B.: Wind-Tunnel Corrections at High Subsonic Speeds
Particularly for an Enclosed Circular Tunnel. NACA TM 1300, 1952.



50 VU NACA RM 153426

l12. Sleemen, Williem C., Jr., Klevatt, Paul L., and Lineley, Edward L.:
Comparison of Transonic Characteristics of Lifting-Wings From
Experiments in & Small Slotted Tunnel and the Langley High-Speed
T- by 10-Foot Tunnel. NACA RM L51Flh, 1951.

13. Ketzoff, S., Gardner, Clifford S., Diesendruck, Leo, and Eisenstadt,
Bertram J.: Linear Theory of Boundary Effects in Open Wind Tunnels
With Finite Jet Lengths. NACA Rep. 976, 1950. (Supersedes NACA
TN 1826.)



NACA RM L53A26 4 51

r/{\(X,ly)

/’: |
\/‘;b_,__bjj
85 8

QG/K‘/B

z-plane

(@) Circular tunnel.

fan AN
3 D
kl:eb_»-eb-—l

z-plane L-plane
p <A

(b) Square tunnel .
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Figure 4.- Varilation of the quality Ffactor at the center of the model
with the span of the model.
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